Abstract. Fractional oscillators have been recently proposed as damping devices under the configuration of Fractional Tuned Mass Dampers (FTMD), realized by connecting an oscillating mass to the primary structure through a viscoelastic link with inherent fractional constitutive law. The characteristic tuning frequency for the FTMD has been identified with the Damped Fractional Frequency (DFF), defined as the frequency at which the squared abso
INTRODUCTION
The theoretical basis for accurately modeling viscoelastic materials using concepts of fractional calculus came into view starting from the beginning of the 20 th century [1] . Since then, several researchers have used fractional integrals and derivatives to model the constitutive law of viscoelastic materials [2] [3] [4] [5] . Due to the increased use of fractional models in physics and engineering applications, several approaches have been proposed to numerically represent fractional derivatives and integrals and to determine the motion of oscillatory systems with inherent fractional terms [6] [7] [8] [9] .
Recently, the use of fractional oscillators configured as Fractional Tuned Mass Dampers (FTMD) has been proposed in [10] [11] [12] . In this context, a novel approach to the analysis of fractional systems has been proposed, leading to the definition of the Damped Fractional Frequency (DFF). This different perspective on fractional dynamic systems, however, still requires further in-depth analysis. In particular, in this paper, the same fractional oscillators are analyzed in the frequency domain by means of equivalent systems with linear viscous damping. The aim is to establish direct relationships between the parameters of the two systems (fractional and equivalent) in order to extend, to the fractional case, the use of the mathematical tools well-established for the case of linear viscous damping. In the following, the characteristic parameters of the equivalent system are derived analytically from the parameters of the fractional one. Then, a numerical procedure is proposed for the solution of the inverse design problem, i.e. the calculation of the fractional system parameters for an assigned equivalent system. Finally, the proposed tools are used to determine an approximate closed-form expression for the variance of the response of a fractional oscillator excited by a zero-mean Gaussian white noise.
THE FRACTIONAL OSCILLATOR IN THE FREQUENCY DOMAIN
In this paper, the term fractional oscillator refers to a single degree-of-freedom system composed by a mass m connected to a fixed support by means of a viscoelastic link with fractional properties [10] , as shown in Fig.1 . In the hypothesis of small displacements of the mass and, therefore, linear behavior of the system, the dynamic equilibrium of the system can be expressed by the following equation of motion: In eq.(1), C  is the fractional damping coefficient. The elastic and viscous terms are reduced to a single fractional term through the Caputo's fractional derivative of the displacement of the mass:
where   .  is Euler's Gamma function. By dividing eq.(1) for the mass m of the system, the equation of motion can be rewritten in canonical form as:
where
The system in eq. (3) is characterized by the two parameters  and  .
Due to the peculiar form of the equation of motion, the classic definition of natural and damped frequencies cannot be adopted. A novel formulation in the frequency domain has recently been proposed in [10] [11] [12] , based on the analysis of the transfer function of the fractional oscillator: For the case of dominant elastic dynamic behavior, the DFF of the system has been defined as the frequency at which the squared absolute value of the transfer function attains its (relative) maximum:
where the function     is expressed as:
The DFF has been determined by equating to zero the first derivative of the squared absolute value of the transfer function in eq. (4), and the detailed algebra to achieve eqs. (5) and (6) can be found in [10] .
EQUIVALENT SYSTEM WITH LINEAR VISCOUS DAMPING
In this section, an equivalent system is defined for the fractional system considered in the previous section. In the following, the term equivalent is used to identify a system with linear viscous damping and whose transfer function exhibits its peak at the same frequency and with the same magnitude of the fractional system. Indicating with 0  the natural frequency of the equivalent system and with  its damping coefficient, the transfer function   e H  of the equivalent system is defined as:
Of course, different definitions of equivalent systems could be used, considering different criteria. Herein, the final aim is to achieve a better understanding of the effects of the variations of the parameters  and  of the fractional oscillator in terms of the equivalent parame-   of the equivalent system, two algebraic equations have to be considered. As already mentioned, the first condition required for the equivalent system is that the peaks in the transfer functions of the two systems occur at the same frequency. For the fractional oscillator, this frequency has been identified as the DFF f  , while for the equivalent system it is well-known that the peak of the transfer function occurs at the frequency 2 0 1 2
. Therefore, taking into account eq. (5), the first relation between the parameters of the two systems can be written as:
The second condition given for the equivalent system is that the amplitudes of the transfer functions of the two systems at the previously indicated frequencies ( f  and 
By solving the system composed by the two eqs. (8) and (9) Table 1 .
and     is given in eq.(6). Hence, the equivalent damping coefficient  depends only on the parameter  , while the equivalent natural frequency 0  depends on both the fractional 
DESIGN OF FRACTIONAL OSCILLATOR WITH ASSIGNED EQUIVALENT SYSTEM
The determination of the equivalent system for a given fractional oscillator is quite straightforward by using eqs. (10) and (11) . However, the inverse problem, that is to determine the fractional system parameters for a given equivalent system, is not as simple as the direct one. The non-trivial inverse problem can be described, in other words, as the design of the fractional oscillator parameters   ,   , so that its transfer function has maximum at an assigned frequency and with assigned amplitude. In principle, the exact solution of this problem would be obtained by using the inverse of eqs. 
The iterative procedure is terminated when the difference  
, with k an arbitrary pre-assigned tolerance. If the convergence is not achieved, a new step is performed by going back into eq. (12)   . Once  is determined, the parameter  is easily obtained, by using the inverse of eq. (7), as:
A numerical example is reported in Table 2 Table 2 .
VARIANCE OF THE DISPLACEMENTS OF A FRACTIONAL OSCILLATOR EXCITED BY A WHITE NOISE
In this last section, let us consider a fractional oscillator excited by a zero-mean Gaussian white noise process. Due to the linearity of the system, a unitary one-sided Power Spectral Density function can be considered for the white noise process, without loss of generality. Then, the variance of the displacements of the fractional system is obtained as the integral in the frequency domain, between zero and infinity, of the absolute value of the transfer function
Although the integral can be evaluated numerically, an analytic solution cannot be easily determined, due to the fractional nature of the transfer function approaches. The use of more sophisticated state-space viscoelastic models, e.g. the generalized Maxwell model and the Laguerre Polynomial Approximation [15] for the equivalent linear system will also be investigated.
